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of	
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for	
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q  Air	
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APPLICATIONS	
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  planning	
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Supply-­‐chain	
  Management	
  

Energy-­‐grids	
  

Telecommunica4on	
  

Transporta4on	
  

CASE	
  STUDY:	
  US	
  MILITARY	
  
	
  AICRAFT	
  ALLOCATION	
  PROBLEM	
  

US	
  AMC	
  yearly	
  expenses:	
  ~USD	
  4	
  Billion	
  
q Average	
  cost	
  benefit:	
  35%	
  
q Robustness:	
  66%	
  reduc4on	
  in	
  variance	
  

Planning	
  Stage:	
  Makes	
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  about	
  known	
  

parameters	
  	
  

What	
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  new	
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  we	
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  doing?	
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high	
  performance	
  compu4ng	
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  of	
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possible	
  outcomes	
  in	
  a	
  4mely	
  
manner	
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  it	
  feasible	
  to	
  solve	
  integer	
  
programs	
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PERFORMANCE	
  COMPARISON	
  WITH	
  COMMERCIAL	
  SOLVERS	
  

SIPS	
  Performance	
  	
  
1.	
  96x	
  speedup	
  from	
  3	
  	
  to	
  480	
  cores	
  

Scaling	
  

VS	
  

SAM	
  BENEFITS	
  
q  Higher	
  cut	
  ac4vity	
  from	
  ini4al	
  itera4ons	
  of	
  Benders	
  method	
  
q  Reduced	
  Stage	
  1	
  bo=leneck	
  size	
  
q  Increased	
  Parallelism	
  in	
  Stage	
  1	
  
q  Reduced	
  total	
  itera4ons	
  and	
  4me	
  to	
  solu4on	
  
q  58%	
  improvement	
  in	
  4me	
  to	
  solu4on	
  compared	
  with	
  Benders	
  method	
  

FUTURE	
  WORK	
  
q  Further	
  explora4on	
  of	
  HSAM	
  method	
  
q  Automated	
  determina4on	
  of	
  split-­‐phase	
  dura4on	
  
q  Determining	
  op4mal	
  subproblem	
  size	
  

TAKEAWAYS	
  
q Accelerated	
  convergence	
  by	
  problem	
  decomposi4on	
  
q Enabled	
  large-­‐scale	
  stochas4c	
  op4miza4ons	
  leading	
  to	
  	
  
	
  	
  	
  	
  	
  robust	
  planning	
  of	
  US	
  AMC	
  opera4ons	
  
q Reduced	
  4me	
  to	
  solu4on	
  
q Asynchronous	
  parallel	
  programming	
  model	
  for	
  	
  
	
  	
  	
  	
  	
  maximum	
  produc4vity	
  and	
  performance	
  

ONGOING	
  WORK	
  
q  Decomposi4on	
  Schemes	
  	
  
o  Scenario	
  based	
  decomposi4on	
  
o  Lagrangean	
  based	
  temporal	
  decomposi4on	
  
q  Automated	
  distribu4on	
  of	
  processes	
  to	
  stage	
  1	
  and	
  stage	
  2	
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Relax	
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  Each	
  vertex	
  is	
  a	
  stochas4c	
  linear	
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STATE-­‐OF-­‐THE-­‐ART	
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  OPTIMALITY	
  	
  

1.	
  MOTIVATION	
  

MOTIVATION	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Gurobi	
  IP	
  Solver	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  Performance	
  

Typical	
  parallel	
  efficiency	
  of	
  
	
  just	
  0.1	
  at	
  32	
  cores	
  

RELATED	
  WORK	
  
q  Magnan4	
  and	
  Wong,	
  1981	
  
Ø  Add	
  only	
  domina3ng	
  cuts	
  
Ø  Requires	
  solving	
  addi3onal	
  op3miza3on	
  problems	
  
q  Linderoth	
  et	
  al,	
  2003	
  
Ø  Requires	
  solving	
  addi3onal	
  op3miza3on	
  problems	
  to	
  determine	
  usability	
  of	
  cuts	
  
q  Trust	
  Region,	
  Ruszczynski,	
  1886	
  and	
  Linderoth	
  et	
  al,	
  2003	
  
Ø  Add	
  objec3ve	
  term	
  to	
  minimize	
  movement	
  of	
  candidate	
  solu3on	
  
Ø  Requires	
  doing	
  several	
  minor	
  itera3ons	
  between	
  major	
  itera3ons	
  
q  Progressive	
  Hedging	
  Algorithm,	
  1991	
  
Ø  Requires	
  search	
  for	
  op3mal	
  Lagrangean	
  mul3plier	
  which	
  can	
  be	
  prohibi3ve	
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Root	
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  a	
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  when	
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  large	
  	
  

PROPOSED	
  SPLIT-­‐AND-­‐MERGE	
  (SAM)	
  METHOD	
  

Split	
  original	
  problem	
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  a	
  subset	
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The Progressive Hedging algorithm proposed by
Rockafellar and Wets (Rockafellar and Wets, 1991)
solves each scenario independently by introducing la-
grangean multipliers for the Stage 1 variables in the
objective function of the individual problems. This
approach requires search for the optimal lagrangean
multipliers which can be computationally prohibitive.

Langer et al (Langer et al., 2012) propose cluster-
ing schemes for solving similar scenarios in succes-
sion that significantly reduces the Stage 2 scenario op-
timization times by use of advanced/warm start. How-
ever, this does not address the slow convergence rate
of the problem. Depth and breadth of applications
of stochastic optimization can be found in (Gassmann
et al., 2013). Other stochastic program decomposition
studies can be found in (Li et al., 2012; Becker, 2011;
Guan and Philpott, 2011).

3 PROPOSED APPROACH

In each iteration of the multicut method, as many
cut constraints are added to the Stage 1 program as
there are scenarios. In the initial iterations of the mul-
ticut Bender’s method, all the scenario cut constraints
are not active in the Stage 1 linear program optimiza-
tion. This is because few cuts are needed to perturb
the previous Stage 1 solution and provide a new can-
didate solution. Therefore, the cuts from the Stage
2 evaluation of most of the scenarios remain inactive
in Stage 1 during the initial iterations of the Bender’s
method. For such scenarios, similar cuts will be gen-
erated in successive iterations, and hence a lot of com-
putation is wasted.

We propose a split-and-merge (SAM) algorithm
(Algorithm 1) that divides the scenarios into N clus-
ters (S1,S2, ....,Sn).

In SAM, n stochastic programs (P1,P2, ...,Pn) are
created and each of these is assigned one cluster of
scenarios (lines 3-4). Probabilities of the scenarios in
each of these subproblems are scaled up so that they
add up to 1 (lines 5-6). We then apply the Bender’s
multicut method to these n stochastic programs inde-
pendently of each other (lines 8-16). For multicore
machines, these problems can be solved in parallel on
multiple cores by adding a simple OpenMP (Dagum
and Menon, 1998) parallel construct to parallelize
the for loop that iterates over each of these subprob-
lems (line 8). Bender’s decomposition is applied to
these subproblems for a fixed number of rounds (r)
or till the subproblem has converged to optimality,
whichever is the earliest (line 12). Once this crite-
ria has been met for all the subproblems, the cut con-
straints from these problems are collected (lines 21-

Algorithm 1 Split-and-Merge (SAM)

1 Input: S (set of scenarios), Original Stochastic Program (P)
2 Divide S into n clusters, S1,S2, ....,Sn
3 Generate n stochastic programs, P1,P2, ....,Pn, with
4 scenarios from S1,S2, ....,Sn, respectively
5 Scale scenario probabilities in each of these subproblems
6 such that they sum up to 1
7
8 #pragma omp parallel for

9 for i in range(1,n):
10 scostsi = [] #scenario costs
11 cutsi = [] #scenarios cut constraints
12 while ri < r or hasConverged(i):
13 xi = solveStage1(Pi, scostsi, cutsi)
14 scostsi,cutsi = solveStage2(xi)
15 ri=ri + 1
16 end while

17
18 #wait until all the subproblems have returned
19 cuts = []
20 scosts = []
21 for i in range(1,n):
22 cuts.add(getCutConstraints(Pi))
23
24 #now solve the original problem
25 while not hasConverged(P):
26 x = solveStage1(P, scosts, cuts)
27 scosts,cuts = solveStage2(x)
28 end while

22). The cuts from subproblems are also valid for the
original problem with all the scenarios. These cuts
are used as the initial set of cut constraints for ap-
plying the multicut Bender’s method to the original
stochastic linear program.

There are several benefits of this approach. The
chances of a scenario having active cuts is higher in
the subproblems because of the smaller number of
scenarios present in the subproblems. Scenario cut
activity helps in generating newer and different cuts
for those scenarios, and thus doing more useful work,
as compared to the original problem in which most of
the scenarios remain inactive in the initial iterations.

Stage 1 optimization is often a serial bottleneck
in Bender’s decomposition, especially when the num-
ber of scenarios is large. In the decomposition ap-
proach, the number of scenarios per subproblem are
much smaller than the original problem, which speeds
up the Stage 1 optimization and thus the candidate so-
lutions for Stage 2 evaluation become available much
earlier. Additionally, this also gives an opportunity to
have parallelism in Stage 1, in addition to the obvious
Stage 2 parallelization available in stochastic linear
programs. These subproblems being independent of
each other, can be optimized in parallel in Stage 1.
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