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STOCHASTIC	  OPTIMIZATION	  OVERVIEW	  
Stage	  1	  (strategic	  decision)	  	  
Cost	  of	  resource	  alloca+on	  +	  

Expected	  cost	  of	  stage	  2	  decisions	  	  
(Integer)	  Linear	  Program	  

Stage	  2	  (opera3onal	  decisions)	  	  
Execu+on	  cost	  

(Integer)	  Linear	  Program	  
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CHALLENGE	  
Mission	  requirements	  subject	  	  
to	  enormous	  uncertainty,	  	  

even	  in	  peace+me	  
US	  Air	  Mobility	  Command	  Mission:	  
Op+mally	  schedule	  1300	  aircraX	  for	  

Execu3on	  stage:	  Assumes	  
probabilis+c	  distribu+on	  	  
of	  uncertain	  parameters	  	  

is	  known	  and	  evaluates	  them	  
for	  the	  stage	  1	  decision	  

q  Demand	  delays	  
q  Demand	  changes	  
q  AircraX	  breakdown	  

q  Weather	  events	  
q  Natural	  disaster	  
q  Conflicts	  

q  Cargo	  shipment	  
q  Personnel	  	  

movement	  

q  Dis+nguished	  	  
visitor	  support	  

q  Air	  refueling	  

APPLICATIONS	  

Agriculture	  

Finance	  

Produc+on	  planning	  

Forestry	  

Supply-‐chain	  Management	  

Energy-‐grids	  

Telecommunica+on	  

Transporta+on	  

CASE	  STUDY:	  US	  MILITARY	  
	  AICRAFT	  ALLOCATION	  PROBLEM	  

US	  AMC	  yearly	  expenses:	  ~USD	  4	  Billion	  
q Average	  cost	  benefit:	  10%	  
q Robustness:	  66%	  reduc+on	  in	  variance	  

Planning	  Stage:	  Makes	  
decision	  about	  known	  

parameters	  	  

What	  is	  different/	  new	  that	  we	  are	  doing?	  
•  Solving	  large	  scale	  stochas+c	  op+miza+on	  problems	  
•  Not	  looked	  before	  because	  stochas+c-‐op+miza+on	  is	  a	  hard	  problem	  

•  Combine	  stochas+c	  programming	  with	  high	  performance	  compu+ng	  
•  Facilitates	  reconcilia+on	  of	  myriad	  possible	  outcomes	  in	  a	  +mely	  manner	  
•  Makes	  it	  feasible	  to	  solve	  integer	  programs	  

	  LIMITATIONS	  OF	  NAÏVE	  PARALLELIZATION	  	  

Stg1Solver
Integer Program

Manager

Stg2Solver
LP

Stg2Solver
LP

Stg2Solver
LP

allocation

scenarios, allocations

cuts
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Parallel	  Design	   Scalability:	  120	  scenarios	  

Limita3ons	  of	  the	  design	  
q Scalability	  limited	  by	  #scenarios	  
q Stage	  1	  boGleneck	  	  

Ø Parallel	  efficiency	  decreases	  with	  increase	  in	  stage	  1	  size	  	  

Timeline	  
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PROPOSED	  NESTED	  BRANCH-‐AND-‐BOUND	  PARALLELISM	  

x1 ≤ 3 x1 ≥ 4

x3 ≤1 x3 ≥ 2 x2 ≤ 2 x2 ≥ 3

Stage	  1	  	  
Linear	  Program	  

Stage	  2	  
	  Linear	  Program	  

Stage	  2	  
	  Linear	  Program	  

Stage	  2	  
	  Linear	  Program	  

cuts	  
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cuts	   cuts	  

q Parallel	  explora+on	  of	  	  
branch-‐and-‐bound	  tree	  ver+ces	  

q Simultaneous	  evalua+on	  of	  scenarios	   Pr
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Timeline	  Nested	  Parallelism	  

How	  bad	  is	  performance	  varia+on?	  
Makes	  it	  difficult	  to	  guarantee	  beGer	  performance	  with	  increase	  in	  the	  number	  of	  processors	  

PERFORMANCE	  VARIATION	  ACROSS	  IDENTICAL	  TRIALS	  
Cause	  of	  Varia3on	  

q  Incumbents	  found	  in	  
different	  order	  

q  Sequence	  of	  vertex	  
op+miza+on	  determines	  
solu+on,	  when	  LPs	  are	  
degenerate	  

PERFORMANCE	  COMPARISON	  WITH	  COMMERCIAL	  SOLVERS	  
Performance	  measurement	  in	  presence	  of	  varia3on	  

Solu+on:	  Frac+on	  of	  trials	  achieving	  	  
certain	  parallel	  efficiency	  

SIPS	  Performance	  	  
1.	  96x	  speedup	  from	  3	  	  to	  480	  cores	  
2.	  Parallel	  efficiency	  >	  0.4	  at	  120	  
cores	  in	  ~100%	  of	  the	  cases	  

Scaling	  

VS	  

IMPACT	  
Robust	  planning	  of	  Real-‐Yme	  US	  Air	  Mobility	  	  
Command	  operaYons	  leading	  to	  	  
q reduced	  	  transportaYon	  costs,	  
q  improved	  personnel	  saYsfacYon,	  and	  
q Ymely	  delivery	  of	  mission-‐criYcal	  cargo	  
while	  doing	  dynamic	  mission	  re-‐planning	  as	  	  
disrup+ons	  occur	  
	  
TAKEAWAYS	  
q Enabled	  large-‐scale	  stochas+c	  op+miza+ons	  leading	  

	  to	  robust	  planning	  of	  US	  AMC	  opera+ons	  
q Reduced	  memory	  overhead	  and	  +me	  to	  	  

solu+on	  using	  state	  sharing	  amongst	  tree	  ver+ces	  
q Asynchronous	  parallel	  programming	  model	  for	  	  

maximum	  produc+vity	  and	  performance	  

ONGOING	  WORK	  
q  Decomposi+on	  Schemes	  	  
o  Scenario	  based	  decomposi+on	  
o  Lagrangean	  based	  temporal	  decomposi+on	  
q  Automated	  distribu+on	  of	  processes	  to	  stage	  1	  and	  stage	  2	  

Parallel Stochastic Programing – Airlift Allocation Problem

University of Illinois at Urbana-ChampaignCharm++ Workshop 2011
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and aeromedical evacuation for U.S. forces.”

• Worldwide Airlift

• Worldwide Air Refueling

• Aeromedical Evacuation

• Presidential & DV Support

• Civil Reserve Air Fleet (CRAF)

Air Mobility Command
Parallel Stochastic Programing – Airlift Allocation Problem

University of Illinois at Urbana-ChampaignCharm++ Workshop 2011

HQ: Scott AFB, IL
MISSION:

“Provide airlift, air refueling, special air mission, 
and aeromedical evacuation for U.S. forces.”

• Worldwide Airlift

• Worldwide Air Refueling

• Aeromedical Evacuation

• Presidential & DV Support

• Civil Reserve Air Fleet (CRAF)

Air Mobility Command

Parallel Stochastic Programing – Airlift Allocation Problem

University of Illinois at Urbana-ChampaignCharm++ Workshop 2011

HQ: Scott AFB, IL
MISSION:

“Provide airlift, air refueling, special air mission, 
and aeromedical evacuation for U.S. forces.”

• Worldwide Airlift

• Worldwide Air Refueling

• Aeromedical Evacuation

• Presidential & DV Support

• Civil Reserve Air Fleet (CRAF)

Air Mobility Command

Parallel Stochastic Programing – Airlift Allocation Problem

University of Illinois at Urbana-ChampaignCharm++ Workshop 2011

HQ: Scott AFB, IL
MISSION:

“Provide airlift, air refueling, special air mission, 
and aeromedical evacuation for U.S. forces.”

• Worldwide Airlift

• Worldwide Air Refueling

• Aeromedical Evacuation

• Presidential & DV Support

• Civil Reserve Air Fleet (CRAF)

Air Mobility Command

Parallel Stochastic Programing – Airlift Allocation Problem

University of Illinois at Urbana-ChampaignCharm++ Workshop 2011

HQ: Scott AFB, IL
MISSION:

“Provide airlift, air refueling, special air mission, 
and aeromedical evacuation for U.S. forces.”

• Worldwide Airlift

• Worldwide Air Refueling

• Aeromedical Evacuation

• Presidential & DV Support

• Civil Reserve Air Fleet (CRAF)

Air Mobility Command
Parallel Stochastic Programing – Airlift Allocation Problem

University of Illinois at Urbana-ChampaignCharm++ Workshop 2011

HQ: Scott AFB, IL
MISSION:

“Provide airlift, air refueling, special air mission, 
and aeromedical evacuation for U.S. forces.”

• Worldwide Airlift

• Worldwide Air Refueling

• Aeromedical Evacuation

• Presidential & DV Support

• Civil Reserve Air Fleet (CRAF)

Air Mobility Command

Relax	  integer	  program	  to	  linear	  program	  à	  Each	  vertex	  is	  a	  stochas+c	  linear	  program	  	  

RELATED	  WORK	  
q Extensive	  Formula+on	  
	  	  	  	  Infeasible	  for	  toy	  problems,	  commercial	  	  
	  	  	  	  IP	  solvers	  have	  poor	  parallel	  efficiency	  
q PySP	  solver	  (Sandia	  Na+onal	  Lab)	  
	  	  	  	  Heuris+c	  method,	  inefficient	  IP	  solves	  
q Lubin	  et	  al	  (Argonne	  Na+onal	  Lab)	  
	  	  	  	  	  Poor	  load	  balancing,	  scaling	  up	  to	  32	  cores	  
	  
STATE-‐OF-‐THE-‐ART	  CANNOT	  SOLVE	  LARGE	  

PROBLEMS	  TO	  OPTIMALITY	  	  

1.	  MOTIVATION	  

MOTIVATION	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Gurobi	  IP	  Solver	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Performance	  
Typical	  parallel	  efficiency	  of	  

	  just	  0.1	  at	  32	  cores	  

POTENTIAL	  IMPACT	  
Energy	  grid	  op+miza+ons	  for	  
renewable	  energy	  resources	  
that	  are	  unpredictable	  by	  
nature	  
q Unit	  commitment	  problem	  
q Energy	  dispatch	  problem	  

Charm++	  parallel	  programming	  
model	  fits	  well	  into	  B&B	  parallelism	  
	  
	  

q Object-‐based	  expression	  
q One-‐sided	  messaging	  
q Priori+zed	  execu+on	  

PARALLEL	  PROGRAMMING	  MODEL	  

DESIGN	  CHALLENGES	  AND	  THEIR	  PROPOSED	  SOLUTIONS	  

q Challenge	  1:	  Fundamental	  unit	  of	  computa+on	  is	  linear	  program	  op+miza+on	  	  
which	  are	  coarse-‐grained	  and	  have	  unpredictable	  sizes	  

q Challenge	  2:	  Variable	  amount	  of	  available	  parallelism	  in	  branch-‐and-‐bound	  tree	  
Solu+on:	  Use	  pull-‐based	  load	  balancing	  
	  
q Challenge	  3:	  Solver	  libraries	  maintain	  internal	  state	  for	  warm	  starts	  
	  	  	  	  	  	  -‐	  limits	  concurrency	  due	  to	  memory	  overheads	  
Solu+on:	  Dedicate	  processors	  to	  solvers	  
	  
q Challenge	  4:	  BeGer	  processor	  u+liza+on	  ≠	  BeGer	  performance	  
Solu3on:	  Priori3zed	  explora3on	  of	  tree	  ver3ces	  
	  

GLPK	
CLP	


Algorithms Non-Lecture J: Linear Programming Algorithms

halfspaces. By the Strong Duality Theorem, this is the same as the highest locally-optimal vertex in the
hyperplane arrangement.

SIMPLEX2(H):
if there is no locally optimal vertex

return UNBOUNDED

x  any locally optimal vertex
while x is not feasbile
hhpivot upward, maintaining local optimalityii
if every locally optimal neighbor of x is lower than x

return INFEASIBLE

else
x  any locally-optimal neighbor of x that is higher than x

return x

Let’s ignore the first three lines for the moment. The algorithm maintains a locally optimal vertex x .
At each pivot operation, it moves to a higher vertex, so the algorithm never visits the same vertex more
than once. Thus, the algorithm must halt after at most

�n+d
d

�
pivots. When the algorithm halts, either

the locally optimal vertex x is feasible, and therefore the optimum vertex, or the locally optimal vertex x
is not feasible but has no higher locally optimal neighbor, in which case the problem must be infeasible.

The primal simplex (falling marble) algorithm in action. The dual simplex (rising bubble) algorithm in action.

From the standpoint of linear algebra, there is absolutely no difference between running SIMPLEX1 on
any linear program ⇧ and running SIMPLEX2 on the dual linear program q. The actual code is identical.
The only difference between the two algorithms is how we interpret the linear algebra geometrically.

J.4 Computing the Initial Basis

To complete our description of the simplex algorithm, we need to describe how to find the initial vertex x .
Our algorithm relies on the following simple observations.

First, the feasibility of a vertex does not depend at all on the choice of objective vector; a vertex is
either feasible for every objective function or for none. No matter how we rotate the polyhedron, every
feasible vertex stays feasible. Conversely (or by duality, equivalently), the local optimality of a vertex
does not depend on the exact location of the d hyperplanes, but only on their normal directions and
the objective function. No matter how we translate the hyperplanes, every locally optimal vertex stays

3

Challenges	  different	  than	  those	  in	  typical,	  scienYfic,	  iteraYve	  applicaYons	  	  	  	  

Unlike	  tradi+onal	  applica+ons,	  a	  tree	  vertex	  is	  non-‐atomic	  execu+on	  unit	  
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ABLE	  TO	  SOLVE	  LARGE	  PROBLEMS	  IN	  A	  TIMELY	  MANNER	  	  
WITH	  SIGNIFICANT	  PARALLEL	  SPEEDUPS	  


